Abstract. It is an elementary fact that the action by holomorphic automorphisms on C n is infinitely transitive, that is, m-transitive for any m ∈ N. The same holds on complex manifolds with the holomorphic density property. We study a parametrized case, where the points depend holomorphically on a parameter on any Stein manifold. This new property is shown to enjoy an Oka principle, to the effect that the obstruction to a holomorphic solution is of a purely topological nature.
Introduction
Let X and W be complex manifolds. Let Y X,N be the configuration space of ordered N-tuples of points in X: Y X,N = X N \∆, where ∆ = (z 1 , . . . , z N ) ∈ X N ; z i = z j for some i = j is the diagonal. Consider a holomorphic map x : W → Y X,N , that is, N holomorphic maps x j : W → X such that for each w ∈ W , the N points x 1 (w), . . . , x N (w) are pairwise distinct. Interpreting x : W → Y X,N as a parametrized collection of points, the following property can be thought of as a strong type of parametric infinite transitivity.
Definition. Fix N pairwise distinct points z 1 , . . . , z N in X. We say that the parametrized points x 1 , . . . , x N are simultaneously standardizable if there exists an element α ∈ Aut W (X), where Aut W (X) = {α ∈ Aut hol (W × X); α(w, z) = (w, α w (z))},
This notion was introduced by the first author and S. Lodin in [KL13] , where it is shown that for X = C n and W = C k , if k < n − 1, then any collection of parametrized points W → Y X,N is simultaneously standardizable. Our main theorem is the following. Theorem 1. Let W be a Stein manifold and X a Stein manifold with the holomorphic density property, and let x : W → Y X,N be a holomorphic map. Then the parametrized points x 1 , . . . , x N are simultaneously standardizable by an automorphism lying in the path-connected component of the identity (Aut W (X)) 0 of Aut W (X) if and only if x is null-homotopic.
When W = C k , which is contractible, any map W → Y X,N is nullhomotopic, so we recover the result of [KL13] , without any restrictions on the dimension of W . Moreover, Theorem 1 reduces the problem of simultaneous standardization to a purely topological problem as explained in Section 6.
In what follows the dependence of an automorphism on a parameter is always understood to be a holomorphic dependence as just described. We will drop the index hol in Aut hol since we will not consider the algebraic category. When clear from the context, we also drop the subindices in Y X,N . A homotopy connecting two maps f 0 and f 1 between any two complex spaces W → X is only assumed to be a continuous function f : W ×[0, 1] → Y , and we write as usual f t : W → X. If each f t is holomorphic, we speak of a homotopy through holomorphic maps, and if furthermore the function is C k (resp. C ∞ ) in the t variable, it is a C k (resp. smooth) homotopy between f 0 and f 1 . Finally if the variable t is allowed to vary in a complex disc D r ⊂ C (r > 1), and f is holomorphic, we speak of an analytic homotopy.
The paper is organized as follows. In Section 2 we recall the definition of manifolds with the density property, and we collect a number of preliminary facts about them, in particular about the existence of automorphisms and the control that we can impose. In Section 3 we establish that Y is elliptic in Gromov's sense and hence an Oka-GrauertGromov h-principle applies to maps W → Y . This will allow us to use a variant of the Andersén-Lempert theorem to construct automorphisms of X depending on a parameter. The proof then consists in defining countably many such automorphisms, in such a way that their composition converges -Section 4 provides sufficient conditions for thisand maps x to a constant mapx. Section 5 contains the core of the proof, preceded by a number of preparatory technicalities. Finally in Section 6 we make explicit a homotopic-theoretical point of view and consider examples: in the first, simultaneous standardization is always possible, independently of null-homotopy; in the second, the topological obstruction does prevent from simultaneous standardization. These concluding remarks make precise the claim following Theorem 1.
Density property and the Andersén-Lempert theorem
Let X be a complex manifold, Ω ⊂ X an open set, and k ∈ N ∪ {∞}. A C k isotopy of injective holomorphic maps is a C k map F : Ω×[0, 1] → X such that F 0 is the inclusion and that for each fixed t ∈ [0, 1], the map F t : Ω → X is an injective holomorphic map. The main theorem in [FR93] states that given a C 2 isotopy of injective biholomorphic maps F t : Ω 0 → Ω t between Runge domains in C n , then all the maps F t can be approximated uniformly on compacts by automorphisms of C n . In the same paper, approximation "near polynomially convex sets" is proved, in [For94] regularity with respect the parameter is obtained, and in [Kut05] a parametric version is shown to hold (see also [For03] , where it is used to prove an approximation result for holomorphic submersions). Combining this we obtain:
Suppose K is a compact polynomially convex subset of C k+n contained in Ω, and assume that F t (K) is polynomially convex in C k × C n for each t ∈ [0, 1]. Then for all t ∈ [0, 1], F t can be approximated uniformly on K (in the C p -norm) by automorphisms α t ∈ Aut C k (C n ); moreover α t depends smoothly on t, and α 0 can be chosen to be the identity.
We refer to the cited references for a complete proof of this theorem. However it is convenient to introduce here the ideas involved, which are best understood in the language of vector fields and their flows. In what follows and in the rest of this paper we drop the adjective "holomorphic" when it comes to vector fields, as we will only consider holomorphic objects.
The isotopy can be interpreted as the flow of a time-dependent vector field, which has no component in the w direction. The polynomial convexity is used to construct a Runge neighborhood of K and of its images, and the Runge property is used to approximate the vector field by a globally defined vector field (without components in the w direction). The main point is that this global field is approximated by a finite sum of complete fields, that is, fields for which the flow is assumed to exist for all complex times and initial conditions. Then the flow of such a complete field is an automorphism depending on w. A version of this was proven in the early 90's by Andersén and Lempert [AL92] ; the association of their names to this theorem has since then been established in the literature.
In [Var01] D. Varolin introduced a class of manifolds where the "main point" above holds. Namely, a complex manifold X is said to have the density property if the Lie algebra generated by the complete vector fields is dense in the algebra of all vector fields on X in the compactopen topology. The relevant fact is that the flow of a vector field on such a manifold can be approximated by flows of complete fields. In a recent paper by T. Ritter [Rit13] there is a detailed proof of a general version of the Andersén-Lempert theorem for manifolds with the density property, where polynomial convexity must be replaced by
If we now allow the maps F t to depend holomorphically on a parameter w in a Stein manifold W , then we can closely follow the proof in [Rit13] by carrying a parameter. The only apparent difficulty arises when the density property is used to construct a vector field in the Lie algebra generated by complete fields, for the holomorphic dependence of these new fields on w is not obvious. However Lemma 3.5 in [Var01] shows precisely that if V w is a vector field on X depending holomorphically on a Stein parameter w, then V w can be approximated locally uniformly on W × X by Lie combinations of complete vector fields which depend holomorphically on the parameter. This proves the following parametric version of the Andersén-Lempert theorem in manifolds with the density property.
Theorem 2. Let W be a Stein manifold and X a Stein manifold with the density property. Let Ω ⊂ W × X be an open set and F t : Ω → W × X be a smooth isotopy of injective holomorphic maps of the form
This is usually called the "holomorphic" density property but we drop this adjective, as we do not consider the algebraic category.
uniformly on K (with respect to any distance function on X) by automorphisms α t ∈ Aut W (X) which depend smoothly on t, and moreover we can choose α 0 = id.
We use the notation VF(U) = {vector fields on U ⊂ X} and CVF(X) = {complete vector fields on X}. It will be useful to consider objects in X and in its configuration space Y = Y X,N simultaneously. For this we introduce the linear map
In fact this field is tangent to ∆, so ⊕ N V ∈ VF(Y ). It is clear that ⊕ restricts to a map between complete fields. Similarly, we have an obvious map
where we have dropped the index N, since we assume it fixed throughout.
Lemma 3. Let X be a Stein manifold with the density property. Then there exist complete vector fields V 1 , . . . , V m on X such that
In particular, the statement for N = 1 holds. That case is treated in [KK11] . We adapt that proof to this more general situation.
Proof. Let x 1 , . . . , x N ∈ X be N pairwise distinct points in X. Since X is Stein we can pick a Runge open set around {x
U j , so small that a chart U j → C n exists for each j, where n is the dimension of X. By pulling back the coordinate vector fields in C n we obtain, for each j = 1, . . . , N,
For each fixed j, define n vector fields on U as follows: for i = 1, . . . , n, let Θ j i ∈ VF(U) be the trivial extension of V j i to U (that is, extend is as the zero field outside of U j ). Consider the vector fields ⊕Θ
They span the tangent space to y 0 = (x 1 , . . . , x N ):
Since U is Runge in X, there exists η 
, where V t is the time-t map of the flow of V ; observe that multiplication by 1/t and the pullback by a global automorphism preserves the completeness of a field. Let η k ∈ CVF(X) be the collection of the complete fields just obtained. Then the fields
We now enlarge this family in order to generate the tangent spaces at any y ∈ Y . Notice that the fields V k span T y Y on Y minus a proper analytic set A, which we decompose into its (possibly countably many) irreducible components A i (i ≥ 1). It suffices to show that there exists
of complete fields would fail to span the tangent space in an exceptional variety of lower dimension. The conclusion follows from the finite iteration of this procedure.
To obtain this automorphism, consider
Each B i is clearly an open set. To verify that it is also dense, let α ∈ Aut(X) and y * ∈ A i . As above, there are finitely many complete fields Θ k on X such that ⊕Θ k span the tangent of Y at y * . So there is some V ∈ CVF(X) such that ⊕V is not tangent to A i . Thus V t • α is an element in B i for small t (where V t is the flow of the field V ). By the Baire category theorem there exists Ψ ∈ B i and we are done.
Given complex manifolds M and X, we say that a map Ψ :
The following lemma is crucial.
Lemma 4. Let X be a Stein manifold with the density property and fix a metric d on it. Let y 0 = (x 1 , . . . , x N ) ∈ Y , ǫ > 0 and a compact K ⊂ X containing each x j be given. Then there is a neighborhood U of y 0 in Y with the following property: given a complex manifold W and an analytic homotopy f :
This applies here because Aut(X) is a complete metric space: see [KK11] .
there exists a holomorphic map Ψ :
Proof. By the previous lemma, there are complete vector fields V 1 , . . . , V m on X such that {⊕V j (y 0 )} j span T y 0 Y . By discarding linearly dependent elements of the generating set, we can assume that m = nN, where n is the dimension of X. Let φ j be the flow of V j . By completeness its time-t map, denoted φ t j , is an automorphism of X. Define two holomorphic maps φ, φ − :
and consider the holomorphic map ϕ : C m → Aut(X) given by
define ϕ − analogously. We have that ϕ(0) = id and since both ϕ and ϕ − are continuous for the compact-open topology on Aut(X), there exists a ball
where K ǫ is a compact containing {x ∈ X; d(x, K) < ǫ}. Consider now the map s : C m → Y defined by
Then s(0) = y 0 and, for all j = 1, . . . , m, ∂s
Since Span{⊕V j (y 0 )} j = T y 0 Y , by the implicit function theorem s is locally biholomorphic on a neighborhood (which we assume contained in B R ) of 0 onto a neighborhood U of y 0 in Y . Since all the considered functions are holomorphic, so is Remark. Suppose W is compact and a single map f : W → Y satisfies f (W ) ⊂ U. Consider the map s as in the proof above. Since s −1 (f (W )) is compact in B R , for η > 0 small enough and r = 1 + η, the function
takes values in U and defines an analytic homotopy between the constant f 0 = y 0 and f : W → Y .
The Oka property
Stein manifolds with the density property are of interest not only in view of the Andersén-Lempert approximation described previously, but also because they enjoy a flexibility property now refered in the literature as the "Oka property".
There are several equivalent characterizations of Oka-Forstnerič manifolds; the survey [FL11] gives a detailed account. For our purposes, we define Y to be an Oka-Forstnerič manifold if it enjoys the following property, called in the literature the Basic Oka Property with approximation and interpolation:
Property. Let T be a closed complex submanifold of a Stein manifold S, and K be a O(S)-convex compact subset of S. Let f : S → Y be a continuous map such that f is holomorphic in a neighborhood of K, and f is holomorphic on T . Then there is (a homotopy joining f to) some holomorphic g : S → Y such that g = f on T and g is uniformly close to f on K.
Theorem 5. If X is a Stein manifold with the density property, then Y X,N is an Oka-Forstnerič manifold for any N.
Proof. In Lemma 3 we showed that there exist finitely many complete vector fields on Y spanning the tangent space everywhere. This provides a dominating spray on Y , and so Y is an "elliptic" manifold. It is a theorem of Gromov that such manifolds enjoy the Oka properties. See [For11] for details on this theory. 
Observe that this proof does not allow to obtain additionally approximation over a O(W )-convex compact piece L, since the Oka property requires holomorphicity on some neighborhood of L × [0, 1] ⊂ W × D r , which we cannot ensure because of the retraction. However in the case that Y is the configuration space of a Stein manifold with the density property, something can be said if the homotopy is of a special type and connects a holomorphic map to a constant. See Theorem 9 in Section 5.
Composition of automorphisms
We will use the following criterion for the convergence of an infinite composition of automorphisms. In [For99, Prop. 5.1] this result appears for X = C n and W = {∅}.
Lemma 7. Let X be a Stein manifold equipped with a distance function d and W be any manifold. Suppose W is exhausted by compact sets L j (j ≥ 1), and X by compacts K j (j ≥ 0). For each j ≥ 1, let ǫ j be a real number such that
For each j ≥ m ≥ 1, let α j ∈ Aut W (X), and let β w j,m ∈ Aut(X) be defined by β
Then β = lim m→∞ β m,1 exists uniformly on compacts and defines an element in Aut W (X).
Proof. Let w ∈ L 1 . The remark which is the content of [Rit13, Prop. 1] shows that if (1) holds for all j, then the limit β w is a Fatou-Bieberbach map onto X defined on the set which consists exactly of the points z in X such that the sequence β w m,1 (z); m ∈ N is bounded. If we assume furthermore that
which is equation (2) for j = 1, we can ensure that the set of convergence for β w is X. Hence {β w m,1 } m converges to an automorphism of X if w ∈ L 1 . For w ∈ L j \L j−1 and j ≥ 2, the same reasoning shows that lim m→∞ β w m+j,j is an automorphism and we obtain β w ∈ Aut(X) by precomposing it with the automorphism β w j−1,1 . It is clear from the construction that β depends holomorphically on w, since the convergence is uniform on compacts.
In practice we will construct the automorphisms α j for j ≥ 1 inductively. Observe that when defining α j , there are only j constraints to satisfy: d(α w j , id) < ǫ j should hold 
the graph of f in X over Σ. We drop the ⊕ sign in the following case to ease the notation: if f : W → Y and α ∈ Aut(X) (or Aut W (X)),
The rest of this section is the iterative construction of maps α j ∈ Aut W (X) and the verification of their convergence to an element in Aut W (X). As a first iteration we want to use the Andersén-Lempert theorem to approximate the "motion of following the paths x j t simultaneously" by an automorphism in Aut W (X). As we will repeatedly do this, we record the following remark. 
Proof. It suffices to show that there exists a neighborhood Ω of Γ W (f 0 ) in W × X and a smooth isotopy of injective holomorphic maps F t : Ω → W × X of the form
with the property that (⊕F w t ) • f 0 (w) = f t (w), ∀t ∈ [0, 1], and moreover, that the compact set F t (Γ L (f 0 )) is O(W × X)-convex for all t. Indeed, the lemma will follow from an application of Theorem 2 to F , which yields A t ∈ Aut W (X) such that:
The proof of the "moreover" part is simple:
is an analytic set in W × X, and O(W × X)-convexity easily follows from the Cartan extension theorem on Stein manifolds.
Fix now w ∈ W . Consider an embedding ι : X ֒→ C l and the time-dependent vector fields Θ . We may shrink each Ω j (w) so that, for each i = j,
and such that Ω = w∈W ({w} × Ω (w)) is open. Then Ω and F :
where each L j and K j are O(W )(resp. O(X))-convex compact sets, as well as real numbers ǫ j (j ≥ 1) such that 0 < ǫ j < d(K j−1 , X\K j ) and ǫ j < ∞. We can assume that K 0 containsx j for all j = 1, . . . , N. By Corollary 6, we can assume that x 0 andx are smoothly homotopic through holomorphic maps x t : W → Y . So by Lemma 8, for any ǫ > 0 there exists α ∈ Aut W (X) such that
To continue we would like to construct automorphisms approximating the motion which is given by a "small homotopy" over L 1 and by the abstract homotopy on the rest of W . However to use Theorem 2 we need to glue these homotopies and obtain holomorphic data. This is the content of the next theorem. 
We prove this in two steps. First, a topological observation. Consider w ∈ W fixed. For each s ∈ [0, 1] there is a unique geodesic path in M from F s (w) to F 1−s (w). By following it at constant speed, the parametrization γ
where l is the linear function of t taking values 0 at s/2 and 1 at 1−s/2. This is a well-defined homotopy between F and the geodesic segment h w 0 going from F 0 (w) to the constant c; it is uniquely defined for each w. By letting w vary in W , all the elements in the definition of h s (t) vary continuously, so h : W × [0, 1] × [0, 1] → M provides a homotopy of homotopies between F and the geodesic segment h 0 . Now it suffices to connect σ :
. This is achieved in a similar way, and we conclude by composing the previous homotopy with this one.
Proposition 11. Let L be a O(W )-convex compact set, and f t : W → Y be a smooth homotopy between some holomorphic map f 0 and the constant f 1 =x. Then there exists an ǫ > 0 with the following property: for every smooth F :
and every
Proof. Apply the previous lemma to (Y, d Y ) and L as the compact parameter space and let ǫ > 0 be its output. If necessary, make ǫ smaller so that the remark following Lemma 4 can apply: there exists an analytic homotopy S :
Denote by σ its restriction to L × [0, 1]. Now Lemma 10 gives a continuous h :
Then there exists a smooth function χ : W → [0, 1] such that χ| U = 1 and χ| W \L = 0.
Consider the inclusion of the closed complex submanifold
The mapH is continuous on S, restricts to the holomorphic maps σ 0 and σ 1 on T , and is equal to the holomorphic S on a neighborhood of the O(S)-convex set L * × D r (for some 1 < r < R). By the Oka Property, there is a holomorphic map H : S → Y which restricts toH on T and approximatesH on L * × D r .
Proof of Theorem
By Lemma 8, given ǫ > 0 there is some A t ∈ Aut W (X) depending smoothly on t such that A 0 = id and
This is a smooth homotopy between the holomorphic map ⊕α • f 0 and x. By the above inequality F t satisfies (4), hence by Proposition 11 for ǫ > 0 small enough there exists (in particular) a smooth homotopy through holomorphic maps h :
Next we show how to extend the homotopy obtained in Theorem 9 to an isotopy of holomorphic maps on a larger compact in W containing L 1 and with suitable approximation over some large compact L 1 × K. We begin with a simple observation.
Proof. Let (w 0 , x 0 ) be in the complement of P . If w 0 ∈ W \L 2 , define f (w, x) = g(w) where g : W → C takes value 1 at w 0 and |g| L 2 < 1. Then |f | P < 1 and f (w 0 , x 0 ) = 1. If w 0 ∈ L 2 \L 1 , extend the function which is 0 on A and 1 on (w 0 , x 0 ) to a holomorphic function h on W ×X (Cartan's theorem) and pick g ∈ O(W ) with g(w 0 ) = 1 and |g| L 1 < 1. For large N, the holomorphic function h(w, x) · g(w)
N is smaller than 1 in norm on L 1 × K, vanishes on A, and takes value 1 at (w 0 , x 0 ). Finally if w 0 ∈ L 1 a similar reasoning allows us to conclude. 
where P 1 ⊂ W is a O(W )-convex compact, then: 1) There exists a smooth isotopy of parametrized automorphisms Ψ :
2) Given ǫ > 0, P 2 a O(W )-convex compact containing P 1 , and a O(X)-convex compact C, there exists a smooth isotopy A t ∈ Aut W (X) such that
In practice we will use a constant δ smaller than the one described above, in fact smaller than the constant referred to in Proposition 11. We have preferred, for clarity, to leave this minor detail out of the statement of the proposition.
Proof. 1) The existence of δ(K, η) with these properties follows immediately from Lemma 4. 2) Define a time-dependent vector field on P 1 × X by
It satisfies, for each j = 1, . . . , N and s ∈ [0, 1],
which implies that Θ s (w, x) is a vector field on (P 1 × X) ∪ Γ W (h s ). We will show that, for each s, this field can be extended to P 2 × X with approximation on P 1 × C.
There is a smooth isotopy of parametrized automorphisms β t ∈ Aut P 2 (X) such that β 1 = id and (⊕β t ) • h t =x. Indeed, observe that Lemma 8 applied to h t providesB t ∈ Aut W (X), depending smoothly on t, with the property that B t =B 1 •B −1 t maps Γ P 2 (h t ) arbitrarily close to Γ P 2 (x). Hence Lemma 4 applied to ⊕B t • h t : W → Y gives elements Φ t ∈ Aut P 2 (X), depending smoothly on t, such that
is the desired β t . The push-forwards (β t ) * (Θ t ) define together a time-dependent vector field on (P 1 × X) ∪ Γ P 2 (x). By a classical result of Grauert and Cartan (see Thm 2.1bis in [Car58] , or [For11] ) it can be extended from the analytic subvariety Γ P 2 (x) to P 2 × X with arbitrary approximation on a large O(W × X) compact of the form P 1 ×K containing
Its pull-back is an extension of the time-dependent vector field Θ above, whose flow provides, as in the proof of Lemma 8, an isotopy of injective holomorphic maps F t : Ω → W × X, where Ω is a neighborhood of Γ P 2 (h 0 ) containing P 1 × C, and such that
By Lemma 12, we may apply Theorem 2 to F t and obtain A t ∈ Aut W (X) such that
. This and (8) show that (6) hold. Furthermore, by (9),
Proof of Theorem 1. By Corollary 6, x 0 andx are smoothly homotopic through holomorphic maps. Hence Theorem 9 gives α 0 ∈ Aut W (X) and a smooth homotopy of holomorphic maps h :
Apply the first part of Proposition 13 to h t : we obtain Ψ :
[0,1] (K 2 ) (recall the notation from equation (7)) and define C 1 to be a O(X)-convex compact containing its (ǫ 1 /2)-envelope (the compact containing the points in X at distance no greater than ǫ 1 /2 to it). By part 2) of Proposition 13, we obtain a smooth isotopy of automorphisms A t ∈ Aut W (X) such that
. Now by combining (5) and (6), we get
Thus α 1 satisfies the only condition imposed by Lemma 7. Observe finally that by (6), α w 1 (K 2 ) ⊂ C 1 for w ∈ L 1 . We are now ready to construct inductively α j for j ≥ 2. Fix j ≥ 1 and assume that we have defined C k ⊂ X and α k ∈ Aut W (X), for all 1 ≤ k ≤ j, such that the following conditions hold (recall that β (1) α j is smoothly isotopic to the identity through some We have just verified that these conditions hold for j = 1. It now suffices to show that α j+1 and C j+1 can be constructed satisfying the above conditions: indeed, by condition 4, Lemma 7 would imply that β = lim j→∞ β j,1 ∈ Aut W (X) exists, and by construction it maps Γ W (α 0 • x 0 ) tox, so β • α 0 ∈ Aut W (X) would be the simultaneous standardization.
Pick a O(W )-convex compact L Let us consider the special case X = C n , n > 1. The group of holomorphic automorphisms Aut(C n ) admits a strong deformation retract onto GL n (C). Therefore By the Oka principle (since GL n (C) is Oka-Forstnerič),
[Hol(W, GL n (C))] ∼ = [Cont(W, GL n (C))].
As a consequence, the following purely topological characterization of simultaneous standardization can be deduced from our main theorem. We also see from equations (14) to (16) 
